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• Vector and Geometry 
• Inner Product and Perpendicular 
• Projection to a Single Vector  
• Pythagorean theory 
• Shortest distance property of projection 

Vector and Projection
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Pythagorean Theorem in Geometry
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• Vector Space 
• Vector Space Spanned by Vectors 
• Rank/Dimension of Vector Space 

Basics of Vector Space
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Let A be an m × n matrix. Let the column rank of A be r, and let c1, ..., cr be any 
basis for the column space of A. Place these as the columns of an m × r matrix C. 
Every column of A can be expressed as a linear combination of the r columns in 
C. This means that there is an r × n matrix R such that A = CR. R is the matrix 
whose ith column is formed from the coefficients giving the ith column of A as a 
linear combination of the r columns of C. In other words, R is the matrix which 
contains the multiples for the bases of the column space of A (which is C), which 
are then used to form A as a whole. Now, each row of A is given by a linear 
combination of the r rows of R. Therefore, the rows of R form a spanning set of 
the row space of A and, by the Steinitz exchange lemma, the row rank of A 
cannot exceed r. This proves that the row rank of A is less than or equal to the 
column rank of A. This result can be applied to any matrix, so apply the result to 
the transpose of A. Since the row rank of the transpose of A is the column rank of 
A and the column rank of the transpose of A is the row rank of A, this establishes 
the reverse inequality and we obtain the equality of the row rank and the column 
rank of A. 

Source: https://en.wikipedia.org/wiki/Rank_(linear_algebra)

Proof that column rank is equal to row rank:
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Projection onto Vector Space via 
Orthonormal Basis 
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orthonormal
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• Normal equation 
• Projection matrix

Projection matrix of projection onto c(X)
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• Projection matrix in general 
• Symmetric and Idempotent Matrix

Projection Matrix
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Projection onto nested subspaces

• Projection onto orthogonal complement space 
• Projection onto nested subspaces
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