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• Review of Matrix Algebra  
• Generalized Inverse

(Ch 2 in Rencher et al.)
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Spectral Decomposition for Symmetric Matrices
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Example
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Positive Definite (p.d.) and Positive semi-definite (p.s.d) Matrices
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Cholesky Decomposition
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Generalized Inverses
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for some matrix Q. By (2.27), the right side of (2.61) becomes

A11

O

! "
Q ¼ A11Q

OQ

! "
¼ A11Q

O

! "
:

Thus A22 " A21A"1
11 A12 ¼ O, or

A22 ¼ A21A"1
11 A12:

A

Corollary 1. Suppose that A is n # p of rank r and that A is partitioned as in
Theorem 2.8b, where A22 is r # r of rank r. Then a generalized inverse of A is
given by

A" ¼ O O
O A"1

22

! "
,

where the three O matrices are of appropriate sizes so that A2 is p # n. A

The nonsingular submatrix need not be in the A11 or A22 position, as in Theorem
2.8b or its corollary. Theorem 2.8b can be extended to the following algorithm for
finding a conditional inverse A2 for any n # p matrix A of rank r (Searle 1982,
p. 218):

1. Find any nonsingular r # r submatrix C. It is not necessary that the elements
of C occupy adjacent rows and columns in A.

2. Find C21 and (C"1)0.
3. Replace the elements of C by the elements of (C"1)0.
4. Replace all other elements in A by zeros.
5. Transpose the resulting matrix.

Some properties of generalized inverses are given in the following theorem, which
is the theoretical basis for many of the results in Chapter 11.

Theorem 2.8c. Let A be n # p of rank r, let A2 be any generalized inverse of A, and
let (A0A)2 be any generalized inverse of A0A. Then

(i) rank(A2A) ¼ rank(AA2) ¼ rank(A) ¼ r.
(ii) (A2)0 is a generalized inverse of A0; that is, (A0)2 ¼ (A2)0.

(iii) A ¼ A(A0A)"A0A and A0 ¼ A0A(A0A)"A0.
(iv) (A0A)"A0 is a generalized inverse of A; that is, A" ¼ (A0A)"A0.

2.8 GENERALIZED INVERSE 35

A Procedure to Find A Version of Generalized Inverse
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An Explicit Formula of Projection onto Non-full-rank Subspace 

(Optional at the moment)  
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